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Let ‘!$ be a 2-group of order 32 containing a self-centralizing element of 
order 8. Let Q be a finite group with ‘p as Sylow 2-subgroup. We shall 
show that if 8 has no subgroups of index 2, then S, is isomorphic to the 
wreath product 2,x Z, . Moreover, if the centralizer K(J) of an involution 
J of 8 is solvable, then @I has a unique composition factor of even order, 
this factor being isomorphic to the simple unitary group U(3, 3) of order 6048. 
Among the 2-groups excluded by the first result is the holomorph of Zs . 
The second result contains a characterization of the simple group U(3, 3). 
For the remainder of the paper, we assume the following hypothesis: 
(e) Cp is a 2-group of order 32 containing a self-centralizing element .F 
of order 8. C5 is a finite group with ‘p as Sylow 2-subgroup. 
Notation. If ‘u is a subset of 8, (‘u) denotes the subgroup generated 
by ?.I. A conjugancy class of q will be denoted by ccl(P) (or even by P), 
where P is a representative for the class. Two classes of v conjugate in Q 
are said to be fused in Q. A class of Fp fused only to itself is said to be isolated. 
If X, Y are conjugate in 0, we write X N Y. In particular, if Y = G-lXG, 
we write G : X -+ Y. The focal subgroup ‘p# of ‘p is (QPl 1 Q, P E $3 and 
Q .- P in S). The Sylow 2-subgroup of E/E is isomorphic to ‘p/v# by [Z], 
Theorem 8. 
THEOREM 1. Let 6, ‘p be as in (*). If 8 has no subgroups of index 2, then 
‘$ is isomorphic to X4 1 Z, . 
Proof. WC will show ‘$# < ‘!$ in those cases where q is not isomorphic 
to 2,x Za . The proof is in two parts, according to whether or not (P> 
is normal in $. 
’ This research was supported in part by the National Science Foundation, Contract 
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Case I. (F) is normal in 9. Since v/(F) acts faithfully on (F), ‘p must 
have the following defining relations: ‘$3 = (F, X, N), whereF8 = X2 = 1, 
XFX = F5, N-rFN = F-l, NX = XN, and N2 = F4a (a = 0 or 1). The 
commutator subgroup ‘p’ of 1, is (F2). Set J = F4. We now have 
L 
_.- 
: 
X 
F” 
XF2 
F 
XF 
N 
NX 
12% 
NXF 
--._-. -.I--- ----- 
F2, F12 
XF2, XF-” 
F, F3, F6, F’ 
XF, XF3, XF5, XF’ 
N, NF2, NF4, NFfi 
NX, NXF2, NXF4, NXFs 
NF, A-F3, NF5, NF7 
NXF, NXF3, NXF6, NXF7 
iy i l 
: ‘$3 12 
_1- 
(F2, x, N) 2 
<F, x> 
(F2, X, NF) 4 
09 8 
(XF) ] 8 
(N, X, J) ’ 21-i” 
(N, X, J) i 21ta 
(NF, XF2) 21-a 
(NXF, XF2) 22--a 
(1) 
The entries in the first column are representatives of the conjugancy classes 
of ‘p. In a given row, the entries from left to right are (1) a representative 
Y of the class, (2) the elements of the class, (3) the centralizer Q(Y) of Y 
in !.l3, (4) the order of Y, and (5) the element Y2. The calculations are 
straightforward and shall be omitted. The mapping F--f XF, X -+ X, 
N-t NX defines an automorphism of v in which the roles of F and XF, 
N and NX are interchanged. 
We note the following: XF + F, XF2 + F2, X + J. Indeed, if XF N F, 
then (XF) N (F). Since (XF), (F) are both normal in 13, Burnside’s 
theorem would imply that (XF), (F) are already conjugate in the normalizer 
s(Q). Since (XF), (F) are the only cyclic subgroups of order 8 of Fp, this 
is impossible. XF2 +F2 since the centralizers O(XF2), E:(P) have non- 
isomorphic Sylow 2-subgroups by (1). If X N J, then there exists G : X + J. 
We may assume G : O@(X) - ‘$. But J is a square in Q(X), whereas J 
is also the only involution in ‘!$ which is a square in 9. Thus X + J. We 
remark that this last argument also implies that NF + J if LY = 0, and 
NXF+Jifor=l. 
For any noncentral element Y of Fp, let CO(Y) = (G E 6 ) G : Y--f Y or 
YJ, and G : J -+ J), and let E:‘pO(Y) = co(Y) n ‘!& In (2), the entry in 
row Y and column 2 denotes the number of elements of QIDo( Y) - a,(Y) 
in ccl(Z). 
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F2 XF2 J X N NX NF NXF F XF 
X io 0 0 
F2 10 0 0 
XF” : 0 0 0 
! 
N j2 2 0 
NX j 2 2 0 
NF 0 0 
NXF 
j2 
, 2 0 0 
“0 ’ 9 
0 I 4 
-- 
8 ! ; 
2 1 0 
2 I O 
0 4 414 4 
4 4 4io 0 
4 0 0;4 4 
I 
2 0 010 0 
2 0 oio 0 
0 2 2io 0 
0 2 210 0 
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(2) 
Subcase Ia. a: = 0. Suppose J is isolated. If X is also isolated, then the 
only fusions of classes of involutions can be between N, NX, NF. The 
structure of the Sylow 2-subgroups of the centralizers of N, MX, NF implies 
that we have at most N N NX, so that !$3# < $J. Thus X is not isolated. 
If 1V N X, then there exists G : N -+ X and G : $(N) + ($(X). Neces- 
sarily G : / + J, so that we may assume G : Can(N) + (!&s(X). But (2) 
would then imply that F2 w NXF, XF2 N NXF, which is impossible. Thus 
N +J X, and by a similar argument, NX + X. Hence NF N X, and (2) 
implies that F” N NXF, so that NXFE !JJ#. The only possible additional 
fusion is N N ATX; in all cases, Fp# < ‘p. Thus J is not isolated. With a 
suitable choice of notation we may assume N N J, so that :V E y#. We note 
AiXF + XF”; otherwise, there exists G : NXF -+ XF2 so that G : J - J. 
We may then even assume that G : $O(hJXF) + EQo(XF2), which is 
impossible by (2). If no other class of ?, other than N is fused to J, then 
the remaining possible fusions are lVXF N F2, and one of X N NF, 
X - NX, NX N NF, or X N NF N AX. In all cases, rQ# < !j3. Thus 
NX must be fused to J. But if G : N --+ J and G : a,(N) --+ ‘p, then G 
necessarily transforms X into an element of ccl(X) or ccl(NF). But then 
G : NX + J ccl(X) or J ccl(NF), which is impossible. Thus the case (Y = 0 
cannot occur. 
Subcase Ib. 01 = 1. Since X + J, NXF + J, ccl(J) is isolated. If 
NF N XF2, then there exists G : NF -+ XF2, G : KQo(NF) -+ c$,~(XF~). 
which is impossible by (2). Suppose NF + F2 as well. If NF is not isolated, 
we may assume by a suitable choice of notation that N .- NF. But (2) is, 
applicable and yields a contradiction. Thus NF is isolated. Moreover, 
X + NXF by (2). Thus at most two fusions occur among the classes of ‘Q, 
so that ‘px < ‘p. Hence :VF N F2, and by (2) X N NXF as well. In order 
that y# = PO, N must be fused to Fa or XF2 (the choice of N instead of 
NX is allowable by a suitable choice of notation). If M N XF2, it follows 
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from (2) that NX N F2. This would account for all fusions in ?, and 
!l3# = (Q’, NF, NX) < $3. Thus N N NF N F2, and <Q’, N, NF) < Q#. 
If NX N XF2, then ‘p# < ‘p. Hence NX N N N NF N F2. However, 
the fusion N N F2 implies that XF2 is not isolated by (2). Thus p# < 13 
and the case OL = 1 cannot occur. 
Case II. (F) is not normal in Cp. Let % be the normalizer of (F) in !jJ. 
Since (F) is not characteristic in YI and I Yi 1 = 16, Yt = (F, X i X2 = 1, 
XFX = F5>. Set J = F4. If E is an element of ‘p - %, then E : F -+ XF2i+1. 
Replacing E by EX, we may assume E : F -+ XF or XF”. Since the set 
(X, XJ} is characteristic in %, E : X -+ X or XJ. Replacing 6 by FE, we 
may assume E : X -+ X. 
Subcase Ha. E : F-j XF, X -+ X. Then E2 E O(F), so that E2 = Fb for 
some /?. Since E : F2 -+ F-2, p = 0 (mod 4), and E2 = J” where cy = 0 or 1. 
In the table below, the entries are arranged according to the scheme 
for (1). 
I 
/ 1 
iJ ; 
IX X XJ 
i 
I 
F2 
XF2 
F 
F3 
E 
EF2 
EF 
EFS 
I”, F-2 
XF2, XF-2 
F, FJ, X6 XFJ 
F3 F?, XF3 XF5 
B,‘EX, E J,‘EXJ 
EF2 EF-2, EXF2, EXF-2 
EF, ‘EF J, EXF, EXF J 
EP, EF-‘, EXP, EXF-’ 
--. -.. 
(3) 
9’ = (J, X). The entries of (3) show that no fusion of the classes of g 
will put F into ‘pg. Thus this subcase does not occur. 
Subcase IIb. E : F -+ XF3, X -+ X. Then E2 : F + X(XF3)3 = FJ, so 
that E2 = XP, where j3 is even. If we replace E by EFa, we may assume 
p = 0 or 2, and thus E2 = XF”, where a = 0 or 1. In this case we 
have 
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Ir 
rp 
x X, XJ :F2, X, ~9 
F2 F2 sp 
F-2 F-2 
XF2 XP, XF-2 :F’, X, E) 
F F, FJ, XF3, XF’ 09 
F3 F3, F7, XF, XFJ <F) 
E E, EXF2 (F2, X, E) 
EJ EJ, EXF-” <F2, X E) 
EX EX, EF-2 (F2, X E) 
EXJ EXJ, EF2 <F2, X, E) 
EF EF, EFJ, EXFa, EXF-’ (F2, EF) 
EF-’ EF-‘, EF3, EXF, EXFJ (F2, EF) 
I 
1 1 
2 1 
2 4 ; 
4 
4 : 
8 F2 
8 F-2 
22+= XP 
22-k% , XFb 
22.: (I ’ XP 
22ta XF” 
22 :-a ! PJ 
21+h \ I=- 
I 
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(4) 
The center 3’p is (F2) and g,’ = (XF2). If c1 = 1, the only classes of 
involutions are J and X, and of these only J is a square in !& This implies 
that X + J since J is also a square in K@(X). The classes of elements of 
order 4 are represented by Fa, F-2, XF2. F2 and F--2 are not conjugate in 
%(‘$) so that by Burnside’s Theorem they are not fused in 8. Since 
XF* N (XF2)--* in ‘p, Fa and Fe2 are both isolated. Hence 6 is 2-normal 
in the sense of Griin. By Grim’s Second Theorem ([8], p. 141), we may 
assume 8 = %(3‘$) for the purposes of computing ‘p#. The classes 
represented by F,F3, EF, EF-1 can be fused only among themselves, since 
the elements they contain are the only elements of ‘$ of order 8 whose 
squares belong to 313. Thus F 4 $3# and the case OL = 1 cannot occur. The 
2-group represented by the case c1 = 0 is easily seen to be 2,x Z2. This 
completes the proof of Theorem 1. 
Henceforth we assume ‘p N 2,~ 2, and 6 has no subgroups of index 2. 
We use the notation of the proof of Theorem 1. If F N F-l, there would 
be a subgroup of 8 of order 32 containing (F) as a normal subgroup, which 
is impossible by the structure of ‘!@. Thus F + F-l. Since ccl(F) is charac- 
teristic in ‘p and every element in ccl(F) has square F2, F2 + F-2 in %(‘$). 
By Burnside’s Theorem F2 + F -2 in 6. Since XF2 and L?F are each conjugate 
to their inverse in Q, neither F2 nor F-2 can be fused to XF2 or EF. Suppose 
X + J. The only possible fusions among elements of order 4 are then 
among E, EJ, EX, EXJ and among XF2, EF. Among involutions we would 
have at most J N EF-l or X N EF-l. In all cases q# < (Fp’, X, EF) < !$. 
Thus X N Jand there exists GE 6 such that G : X--f J and G : $(X) -+ !l?. 
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Since X, XJ are squares in r.$(X), G must normalize (J, X). Thus there 
exists A E 6 such that A : J -+ X -+ X J + J. A must normalize a Sylow 
2-subgroup of K(X, J), which we may assume to be <E, F2). The elements 
of (E, F2) whose squares are J, X, XJ, respectively, are F2, F-2, XF2, XF-2; 
E, EJ, EX, EXJ; EF2, EF-2, EXF2, EXFd2. We may assume A : F2 -+ E or 
EX by replacing E by EJ and changing notation. Suppose A : P - E. 
If A:E-+EFe, then A:EP+EF2*E=XF2; if A:E+EF-2,then 
A : EF-2 + EF-2EX = F-2; if A : E --f EXF2, then 
A : EXF2 -+ EXF2 . X J . E = XF-2. 
These cases are all impossible. If A : E --+ EXFe2, then 
A : EXF-2 + EXF-2 . X J . EX = F2, 
so that A : F2 --f E + EXF-2 -+ F2, A : Fe2 -+ EX --f EF2 -+ Fe2. But then 
A : XF2 --f XJ * E, and EXJ - EF2 N Fe2. Thus this case is also im- 
possible. We may assume A : F2 + h’X. If A : EX -* EF2, then 
ifA:EX-tEXF2,thenA:EXF2+EXF2*EX=XF2;ifA:EX+EXF-2, 
then A : EXF-2 -+ EXF-2 * E = F-2. These are all impossible. Thus 
A:F2-+EX+EF-2-tF2,A:F-2->E-+EXF2-+F-2,and 
We then have the fusions Fz N EX F-” N E, XF2 N EJ N EXJ, which 
put E, X into ‘p#. In order that b#‘= $3, either EF - XF2 or EF-1 N J, 
or both. If EF N XF2, then there exists G : EF -+ XF2 and 
G : i$(EF) = (EF,F2) --+ $(XF2) = (E,F2). 
G must map F2 + F2 so that G : EF-i -+ X. Conversely, if EF-1 N J, then 
there exists G : EF-1 + J and G : (EF-l,F2) + 9. Here G maps F2 -+ EX 
or EFm2, so that G : EF --f EXJ or EF2, and EF N XF2. The fusions of 
the classes of ‘p in 6 are therefore 
FIF31F2 NEXIF-~NEIXF~NEJNEXJNEFIXNEF-1~ J. (5) 
The following remarks will be of use later. C(F) has <F> as a Sylow 
2-subgroup, and thus has a normal 2-complement. K(XF2) has (F2, E) as a 
Sylow 2-subgroup; since (F2, S) is abelian of type (4,4), C(XF2) also has a 
normal 2-complement. Let 2 = E(J). Th e p receding paragraph shows that 
XF2 NEF and X N EF-1 in 2. If EJ - EX J in 2, there would exist 
G : E J + EX J, G : J + J, so that G : E --+ EX, which is impossible by (5). 
Let $ be the focal subgroup of ‘p in ~3; then $ = <XF2, EF) is quaternion. 
D has a normal subgroup I! of index 4 such that Q n Sp = $. The subgroup 
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(J) O,+?) is normal in I! by a result of Brauer and Suzuki ([3], Section II, 
Theorem 2); the factor group e/(J) O,(Q) has a Sylow 2-subgroup of type 
(2,2). r! thus has either a normal 2-complement or no subgroups of index 2. 
The first case is impossible, since it would imply that L! has a normal 
2-complement and that ‘$ = ‘p’. If O(J) is solvable, Q/(J) O,(e) is neces- 
sarily the alternating group U, of order 12, and 1 r! : O,(e)1 = 96. o(P) has 
$J as Sylow 2-subgroup; q/(P) is dihedral of order 8. The three classes 
of involutions of Cp/(F2) are represented by X, F, EF, and X N EF-l in 
C(F2) by the preceding paragraph. Thus C(F2) does not have a normal 
2-complement. It follows from &(F2) < K(J) that if a(/) is solvable, then 
) (5(F*) : 0,@(F2))] = 96, (F2) O,,(e) is normal in !& and 
V2)W> WW% WF2> o,@> 
are both isomorphic to the symmetric group 6, of order 24. 
We assume henceforth that O(j) is solvable. Let 1 = x1 , x2 ,... be the 
irreducible characters of 6, and I the set of indices of those x6 belonging 
to the principal 2-block B, of 6. The intersection of the kernels of the xi 
in B, is O,,(E). By ([3], Section I), the results of the preceding paragraph 
yield 
;X,(Y)Ri(Y) = :: as (6) 
Y = F2, J, 
CF = CR” c (8), C@ = (IQ, CF* = C-’ = 
(7) 
where Cy is the Cartan matrix of the principal 2-block of E(Y). We can 
now prove 
THEOREM 2. Let 6 be afinite group whose Sylow 2-subgroup q is knrwrphic 
to 2, 1 2,. If 6 has no subgroups of index 2, and ;f the centralizer of an 
involution of 8 is solvable, then 6 has a normal series 6 b Im D % P_ 1 
such that O/‘%R, ‘% have odd order, and ‘Dl/‘% N U(3,3). 
Proof. We take % as O,(G) and m/% as any minimal normal subgroup 
of Q/R Then ‘%R is of even order and hence contains all involutions of (rj. 
In particular, 16 divides 1 lllz 1 since the involutions of rp generate a subgroup 
of order 16. If Cp $ %I, then O/W would have a subgroup of index 2, 
contrary to assumption. Thus ‘$ < mm, m/R is necessarily simple, and 
1 6 : W 1 is odd. Since the assumptions of the theorem apply to ‘%V, we 
may take 8 = !Dl for the purposes of the proof. We must then show 
u;o,~(u) N U(3, 3). 
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Let qF> = (F) x U, where U is a subgroup of odd order. Then 
B = X((Q) = G(F), X>, and U is normal in 5. Let a bar denote residues 
modulo u in 5. The commutator subgroup of 5 is (J), and s,/( J> is abelian 
of type (4,2) with generators p, 8 module <J>. Let 01 and p be the linear 
characters of 5 defined by a(F) = d-1, CC(~) = 1 and /3(F) = 1 
p(x) = - 1. Define generalized 0, , 8, of $r by 
8, = (1 - a”>( 1 + kg, 
02 = (a - q(1 + P). 
The set D of elements in E, of the form PU with i odd and U in U is then 
a set of complete, closed special classes of $5 in the sense of [A and [7]. 
8r , 0, vanish off D by their construction. Let or*, 0,” be the generalized 
characters of Q induced by 8, , 8, . The constituents of 0,*, 0,* belong to 
B, by ([7], Theorem 7). Applying the theory of exceptional characters, we 
have (0i*, e,*) = (&*, B,*) = 4, (t$*, t&*) = 0. Since f?,*(l) = 0, &* must 
be a linear combination with coefficients fl of four distinct irreducible 
characters of 6. Set 0,* = 1 + ~a + 8x3 - x4 , where 6 = f 1. Since 
I, Jq! D, we have e,*(l) = 8,*(J) = 0, or 
1 + x2 + *x3 - x4 = 0, 
1 + x2(J) + *x,(J) - x4(J) = 0, 
(8) 
where xi is the degree of xi . Moreover, no involution of 6 transforms F 
intoF-1, so that, by ([q, Section 3), we have 
1 + xdJ12 WJ)” xdJJ2 o 
Xe+r,--= * x4 (9) 
If 6 = 1, it would follow, from ([3], Section II, Lemma 4), that 6 has 
a proper normal subgroup (% containing (J) O,,(8). [This can be shown 
directly by using (8) to express x, and x4(J) in terms of xa , X, and ~a( J), 
~a( J), and substituting these expressions into (9). After simplifying we have 
xdxz(Jl - ~2)’ + x2(x3(J) - ~2)~ + Cw~(J) - sx2UN” = 0. 
Thus ~a( J) = x2 , x3(J) = X, and 6 can be taken as the kernel of x2 or x3 .] 
This is impossible, and hence S = -1. 
Since 0, is a rational generalized character, all algebraic conjugates of 
x2, x3, x4 occur in B,*. Thus x2 must be a rational character. If x3 were 
not rational, then x., would be an algebraic conjugate of x3 , and x, = X, , 
x3(J) = x4(J). From (8) it would follow that x3(J) = S(l + x2(J)), 
x, = $(I + x2). Substituting these into (9), we would then have 
(x2 - x2(/>>” = 0, 
or x2 = ~a(/), which is impossible. Thus xa , xs , x., are rational. 
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Suppose xi for some i = 1,2, 3,4 occurs in t$,* with nonzero multiplicity. 
Since xi is rational and the irreducible constituents of 0s arc all nonreal, 
it would follow that (xi, es*) z 0 (mod 2), which is impossible. Set 
fj,* =: 
x5 -t %X6 i- E7X7 - xs , where l s , E, = f 1. The generalized charac- 
ters x2 IB - 6 x3 IS - a2, x4 :B - 4% x5 I5 - 01, x6 lB - W% x7 I5 + ~~63, 
x8/$-2 are orthogonal to 8,) e2 , and thus vanish on D by ([7] 
Theorem 10). In particular, the values of these xi on F and F9 are 
1 x2 x3 x4 x5 X6 XT x8 
F 1 1 -1 -1 i E& e7i 4 
F3 1 1 -1 -1 -i -E6i --E7i i (10) 
Any other character in B, besides these eight vanishes on F and Fa by (6). 
Thus the xi , 1 < i < 8, are precisely the characzers in B, of odd degree. 
Since B, contains all algebraic conjugates of its characters, we may assume 
Es = -l,q = 1. 
We need the following congruences valid for any rational character xi of 8: 
(i) xi = xi(J) (mod 8); 
(ii) xi(J) = xi(XF2) (mod 4); 
(iii) xd - 2xi(J) + 7,yi(XF2) + 2xi(F) s 0 (mod 8). 
(i) is obtained by restricting xi to (F) and taking the inner product of 
xi ICF) with a faithful linear character of (F). ( ii is obtained by restricting ) 
xi to the quaternion group (EF, XF2) and taking the inner product with the 
l-character. This yields xi -t xi(l) ‘- 6xi(XF2) = 0 (mod S), which together 
with (i) gives (ii). (iii) is obtained by restricting xi to ?p and taking the inner 
product with 1 + 3w, where w is the linear character of ‘$ defined by -_ 
w(F) = 1/-l, w(E) = - 1/---I. 
We now consider the values of x1 , x2 , xa , x4. Since K(J)/(F) O,@(J)) 
is G, , the principal 2-block of C(J) contains two modular characters 
1 = plJ, ?2J of degrees 1, 2 respectively. Let ui , vi be the generalized 
decomposition numbers of xi corresponding to vl’, ezJ, so that in particular 
xi(J) = ui + 2vi . We now apply the method of contribution as described 
in [4], Section 3. The associated quadratic form QiJ for xi is 
3ui2 - 4uivi + 4vi2 = 2tQ + (ui - &,)2 
by (7). For 1 < i < 4, QiJ > 3 since ui is odd. These considerations apply 
as well to the principal block of E(P), and so the associated quadratic form 
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Qf’ > 3 for 1 < i < 4 also. The sum of the contributions 
Qi” + Qf’ + Q;YF2 + Qf” + Qf-’ + Q, 
is then >4+4+2+3+3+1 = 17 for 1 <i < 4. Thus for 1 < i < 4, 
QiJ < 32 - 17 = 15, and, in particular, 1 xi(/)! < 5. The conditions 
xi(J) .G xi (mod B), .Y~ > 1 ,vi(J)I, and xi(/) odd imply only a linite number 
of solutions xi, xi(J) for the diophantine equations (8) and (9). For each set 
of solutions, the conditions xi(XF2) = xi(J) (mod 4), 
e,*(xF2) = 1 f xz(XF2) - xa(XP) - #x2) = 0, 
and xi<, x~(XF~)~ = 16 determine completely the possibilities for xi(XF2), 
1 < i < 4. Finally these possibilities arc checked against congruence (iii). 
The details of this calculation will be omitted. There is a unique solution: 
1 ] XF2 
;: l--z-T 
x3 21 5 1 * 
x4 7 -1 -1 
L- 
Applying a theorem of Schur’s to x4 , we have that 1 0 : O,(O)/ divides 
2” . 34 * 5 * 7. The values of xa , x4 show that 2j . 33 * 7 divides 1 0 : Oat(S 
We assume O,(0) = 1 in the remainder of the proof, since the arguments 
leading to the conclusion 1 0 : 0,(0)( = 25 . 33. 7 = 6048 use only the 
characters in B, . 
Let T be an element of order 7 in 0, and U any element of order prime 
to 7 in 0(T). x4 has defect 0 for the prime 7, so that x4(TU) = 0. But 
x,,(TU) .= x4(U) (mod 7). Thus x4(U) = 0 (mod 7). Since x4 is rational and 
faithful, x4(U) = 2 if U has order 5; x4(U) = 4 or 1 if iJ has order 3. 
x4( L;) = x4(J) = - 1 if U has order 2. Thus U can only be 1, and Z = (T) 
is self-centralizing. Now 1 m(Z) : 2 1 = 2,3, or 6, and 1 0 : ‘%@)I 3 1 (mod 7). 
This implies that I 0 1 = 25 . 33 . 7 = 6048, I %2(Z) : 2 I = 3; 1 0 1 = 
2j * 34 - 7 = 18, 144, ( m(z) : Z i = 2; or 1 0 I = 25 .3’ .5 * 7 = 90,720, 
1 91(Z) : 2 1 = 3. 
Suppose 1 0 1 = 90, 720. Let S be an element of order 5 in 0. If 2 1 c(S), 
we may assume JE 0(S) and S E 0,(0(J)). Replacing S by a suitable 
conjugate, we may also assume ?, normalizes <S), so that q’ < K(S). In 
particular, XF* E 0(S), and x4(XPS) z x4(XFp) = - 1 (mod 5). But the 
character x4, being faithful and rational, can assume only the value 0 on 
the element XFZS of order 20. Thus c(S) = 5 ’ 3=, and 0(S) = (S) x II), 
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where 23 is a 3-group of order 3a. If CY = 0, then the principal 5-block B 
is the only block of defect 1 for the prime 5. x1 , ~a, x3 , x4 then belong to B. 
But this is impossible, since x2 or x4 must be nonexceptional, whereas both 
have degree = 2 (mod 5) [Z]. Th us (y. > 1. We note % has cxponcnt 3, 
since x4 cannot attain a rational value on an element of order 45. On an 
element of order 15, x4 necessarily has the value -1, which implies xe( V) = 4 
for V # 1 in %J. Since 
&xAV = 7 4 + (P-1)=4*3”+3-*O(mod3”), 
it follows that a = 1. But then 1 8 : !JN,(S))l cannot be ZE 1 (mod 5). Thus 
1 U ) + 90,720. 
Suppose 1 8 1 = 18, 144. Since 1 m(Z) . % [ = 2, the principal 7-block 
contains 2 nonexceptional characters and 3 exceptional characters [I]. 
x1 , xz arc necessarily the nonexceptional characters in this block. But then 
the exceptional characters would have degree 27 - 1 = 26, which does not 
divide 18, 144. 
1 8 \ is then 6048. It remains to show Q N U(3, 3). We first prove that 
c(J) = 96. Suppose O,@(J)) f 1, so that O,$E(J)) is a 3-group. If 
) O,j(K(J))I = 9, then / 8 : O(J)! = 7 and 8 would be isomorphic to a 
subgroup of the symmetric group 6, , which is impossible. If 1 O,(Q(J)[ = 3, 
then G@’ must centralize O,@(j)), and there exists an element Y of order 3 
in qXF*). xs(XF*Y) = 0 since x2 has defect 0 for the prime 3. But 
xz(XF2Y) = xz(XF2) = -1 (mod 3), and this is a contradiction. Thus 
c(J) = 96, and this implies c(P) = 96, c(XF) = 16, c(F) = 8. 
Let R be an element of order 3 in B(F2) = O(J) = f?. R normalizes 
$ = <XF, EF), and R - R-1 in 2. Thus there exists I’ E !l? - ($, F") 
such that P : R --t R-l. If P2 = X, then X E C(R) and XF2 E o(R), which 
is impossible. Thus P E ccl(F) or ccl(F) by (4). Replacing R by a suitable 
conjugate, we may assume P = F. Since (F”) is a Sylow 2-subgroup of O(R), 
O,,(O(R)) is a Sylow 3-subgroup of B(R). If j O,,(O(R))I = 9, then / centralizes 
O,,(K(R)), which is impossible. Hence R is in the center of a SyIow 3-subgroup 
E, E(R) y= <F2> 2, and Zn(<R)) = (F) C. O-, then has a permutation 
representation of degree 28 on the cosets of (F) D. Let x be the character 
of this representation. x(F) > 1 together with (10) and c(F) = 8 imply that 
x = 1 + x2 . The permutation representation is therefore doubly-transitive. 
The stabilizer of the coset (F) a is (I;) S, and Q acts regularly on the 
remaining 27 cosets, since x(Q) = 1 for Q + 1 in 6. By a theorem of 
Suzuki, [6], 8 rv C(3, 3).2 
2 K. Brauer has shown that U(3, 3) is the only simple group of order 6048, but 
this work has not been published (see [I]). 
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